In this paper, we are interested in looking for Hopf bifurcation solutions for mathematical model of plasma glucose and insulin during physical activity. The mathematical model is governed by a system of delay differential equations. The algorithm for determining the critical delays that are appropriate for Hopf bifurcation is used. The illustrative example is taken for a 30 years old woman who practices regular three types of physical activity: walking, jogging and running fast.
Introduction
It is known by physicians that lifestyle factors largely influence our health. These factors are diet, physical activity, smoking and psychological stress. The lifestyle changes have the incidence of cardiovascular respiratory diseases [1] . The aspects of disordered glucoregulation result in those changes. Therefore two variables that have a bearing on glucose homeostasis are affected, that is, beta cell responses to glucose and affects the sensitivity of body to insulin. The key organs that control blood glucose are the pancreas and the liver. The key hormones are insulin and glucagon. These two functions pertain to Type 2 diabetes caused by an inability of insulin to lower plasma glucose levels effectively. In addition, people with poorly controlled diabetes are at higher risk of cardiovascular disease events, which are a major cause of morbidity and mortality. Large-scale clinical trials have demonstrated the benefits of tight control in Type 2 diabetes, minimizing disease complications, and improving quality of life [2] . Obviously, it is essential to highlight the role played by the physical activity to Type 2 diabetes where there is low plasma insulin to an intravenous glucose challenge. Human bodies need to maintain glucose concentration level in a narrow range of 70 -120 mg/dl or 3.9 -6.7 mmol/l. If one's glucose concentration level is significantly out of the normal range, there is hyperglycemia (greater than 140 mg/dl or 7.8 mmol/l) or hypoglycemia (less than 40 mg/dl or 2.2 mmol/l). The major long-term effects of diabetes are caused by hyperglycemia. Many researches are motivated by the large population of diabetes patients in the world and the big health expenses to study the glucose-insulin endocrine metabolic regulatory system [3] - [7] , what cause the dysfunctions of the system [8] , how to detect the onset of the either type of diabetes including the so called pre-diabetes [9] - [12] , and eventually provide more reasonable, more effective, more efficient and more economic treatments to diabetics.
Since the 1960s, mathematical models have been developed to describe glucose-insulin dynamics [8] [13] . Some of these mathematical models are interested in analysing the glucose disappearance and insulin sensitivity during an intravenous glucose tolerance test [14] and the capture of plasma glucose and insulin dynamics during, as well as after, periods of mild-to-moderate exercise [15] . Others focus on overestimation of glucose effectiveness and the underestimation of insulin sensitivity [16] , capture absorption, distribution and disposal dynamics [17] . Recently, a mathematical model has been developed to capture the integral impact of physical activity to glucose and insulin [18] . All these mathematical models are governed by ordinary differential equations but they do not consider the delays. The mathematics properties of the dynamic systems of glucose and insulin have been done by some workers [3] [11] [19] . The use of ordinary and partial differential equations to model biological systems cannot capture the rich variety of dynamics observed in natural systems for attempting to better our understanding of more and more complicated phenomena. One of the ways to dealing with these complexities is to include delays in the mathematical models. The delays or lags can represent gestation times, incubation periods, transport delays, or can simply lump complicated biological processes together, accounting only for the time required for these processes to occur. The qualitative study of dynamical system is presented by Stépan [20] while analysis study of mathematical models of the dynamic of glucose and insulin with delays has been presented. For instance, we can refer to [12] [21] . Furthermore, the discretization method for delay systems has been presented [22] . Bifurcation and Hopf bifurcation as intermediate behavior between stability and instability for delay systems seem to be very important for dynamical systems [23] [24] . In this work, we focus on the mathematical model presented in [18] where we add two positive delays and we are interested in its Hopf bifurcation. This paper is organised as follows. In Section 2, we set mathematical model equations as well as equilibrium points. The Section 3 deals with the asymptotic states and algorithm for determining the Hopf bifurcation points. In Section 4 we present numerical simulation for a woman Type 2 diabetes during physical activity. The concluding remarks are presented in Section 5.
Setting Mathematical Model Equations
In the most case the plasma glucose is disturbed from its equilibrium. Fortunately, there are other metabolic variables that being unchanged allow it to return to equilibrium. This metabolic process is referred to, as the mass effect of glucose, its own disposal or glucose effectiveness. Delays are also associated with glucose effectiveness, that is the return is not instantaneous and has a half-time of at least 30 minutes. The simplification of glucose by parenteral glucose infusion can be done in three ways: 1) reducing the delays associated with glucose kinetics, that is, the equilibration time; 2) decreasing the proportion of the insulin appearance as a consequence of the endogenous component; and 3) reducing the proportion of glucose fluxes due to endogenous origin [25] . These effects have not the same role. The two last reduce unknown endogenous fluxes, reducing the overall system uncertainty, whereas the first reduces the time delay of the glucoregulatory system, accelerating its time response. In principle, the control of glucose is complicated by long time delays because they do not allow to determining the insulin dose needed to achieve and maintain tight glucose control.
The acute changes in plasma glucose concentrations may result in a thrombophilic condition as platelet adhesion is also enhanced by hyperglycemia [26] . Hence the acute hyperglycemia causes endothelial dysfunction (possibly through a reduction of nitric oxide availability) and is responsible for nonenzymatic glycation and production of free-radicals with ensuing oxidative stress [27] . The whole of such effects make mealtime glucose excursion a potential risk factor for cardiovascular disease in diabetic patients and especially in Type 2 diabetics. Furthermore, insulin has a major importance in treatment of diabetes. It is usually delivered subcutaneously, which delays the effect of the insulin in the blood as compared with to natural insulin in healthy persons that is secreted directly into the circulatory system. Human insulin is found in what is called hexamer form and the subcutaneous absorption of insulin in the hexamer form is really slow. The first experiment conducted by Kadish in 1964 [28] closing the control loop in a patient with diabetes shows that the control action (insulin) was delivered in an intravenous way, which minimizes the delays related to insulin transport in tissues.
Two positive delays are added in bi-compartmental mathematical model presented in [18] for showing the role of physical activity in controlling the plasma glucose level and in improving insulin sensitivity. The variation of these physiological parameters is function of heart rate and alveolar ventilation. In this way we consider that the flow plasma glucose and insulin in liver (LC) and pancreas (PC) compartments are delayed by two positive constants g τ and i τ respectively. As the cardiovascular respiratory system is regulated by heart rate H The arterial pressure leads the tissues to receive the blood from cardiovascular respiratory system whereas the blood comes to cardiovascular respiratory system from tissues due to the arterial pressure. The respiratory control system varies the ventilation rate in response to the levels of dioxide 2 CO and oxygen 2 O gases. Consequently, it arises the ventilation rate and cardiac output influence mutually. It is then obvious that exchanges between LC and PC are controlled by heart rate and alveolar ventilation functions. The mechanism of this control is not direct and can be represented by outflow functions between systemic arterial and venous compartments that depend on heart rate alveolar ventilation (Figure 1 ).
The mathematical model equations can be written as follows.
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Lungs Cardiovascular-Respiratory system Figure 1 . A schematic diagram of two compartments for modeling human glucose-insulin. Q l and Q r are left and right cardiac ow respectively. H is heart rate and  A V denotes alveolar ventilation. P A and P V represent arterial and venous pressure respectively. τ g and τ i are respectively the time delay that takes the plasma glucose to return to equilibrium and time delay for sensitivity of insulin.
where the functions ( ) G t and ( ) I t denote respectively glucose and insulin at time t, δ and σ are model constants and f, g regular model functions that can be identified by using data assimilation [18] . Equations (1) and (2) arise from straightforward development of mass balance between glucose and insulin compartments.
In the context of determining the equilibrium of the system (1)- (2) 
Since it is known that glucose and insulin take the values strictly positive that is ( ) ( ) 
Asymptotic States
The asymptotic states of the system (1)-(2) are determined by reformulating it in simple notations in order to find the linearized system around the equilibrium point. Hence, it is written as 
= − +
Using the first order Taylor series around the equilibrium point, we get ( ) 
After calculation, the linearized system becomes 
, and , 
Y t G t G I t I U t W t W Z t Z
where we have set ( ) 
The linear part, the part with delays and the part involving the controls are three different terms of second member of the system (9). In the stability study, the last one is not taken into account. The details related to this basic property for the stability of delay differential equations can be found in [29] . Thereafter, we are interested in the following system ( ) 
The calculation leads us to obtain ( ) 
where
Investigation of bifurcation points is done using approach closed to that of the Alienor transformation for global optimization [30] . First we need the following definition. 
, , Re i and , , Im i
are respectively real and imaginary part of ( ) i P ω [31] . Clearly, for some appropriate regular assumptions on functions K and L , there exists a point The purpose of calculation is to try and find out bifurcation points using the α -dense curves in 2 . R For a fixed approximated 0 α > we let h α to be a dense curve in 2 R and we set ( )
Let assume that there exists α θ * and
The point
is solution of (14) such that ( )
is a bifurcation point that depends on the parameter α . Note that systems of type (15) are easier to solve than the system (14) . In other words, a characterization of the space of bifurcation points can be done knowing properties of curves . h α The general algorithm for computing the bifurcation points from the systems (10) constitutes the main out-comes presented in [31] . We adopt the algorithm to our situation as follows. We apply this algorithm in order to get the parameter of Hopf bifurcation of the system (12) . From the results presented in [31] we set the parameter of Hopf bifurcations as given by cos , sin , g i τ αθ θ τ αθ θ * * * * * * = = (16) where θ * is obtained at step 4 of above algorithm and α is a constant to be appropriately chosen.. The curve defined by (16) 
Simulation of Transition States for Physical Activity
The role of physical activity in Type 2 diabetes is to maintain glucose concentration level in a narrow range and to improve insulin sensitivity. 
We consider the rest values of unhealthy woman. Therefore we take 150 mg dl and 15 μU dl for plasma glucose and insulin respectively. The equilibrium values (values for healthy person) of plasma glucose and insulin are taken as 90 mg dl and 15 μU dl respectively and the constants δ and σ are set as in [18] that is 1.3285 and 0.6253.
to have a curve that covers the space 2 R of the delay parameters given and setting initial value 0 1.5 θ = the algorithm above allows us to get θ * so that considering three types of physical activities, the parameters of delay Hopf bifurcation are given in the Tables 2-4 respectively. Since Hopf bifurcation is intermediate behavior between stability and instability, the state of parameters is set in the way such that the delay parameters for stability are less than delay Hopf parameters while delay parameters for instability are greater than them. The test results for three types of physical activity related to different delay parameters from Tables 2-4 are illustrated in Figures 2-4 . In each figure, we have illustrated a stable state and unstable that corresponds to delay parameters close to Hopf bifurcation point.
Phase portraits of each transition state are plotted in Figures 5-7 . Figure 4 ) for a 30 years old woman during running fast physical activity. The curves are illustrated from left to right (phase asymptotically stable towards unstable phase) and the curve in the middle correspond to Hopf bifurcation.
In the walking case as first scenario of physical activity, the numerical simulation of transition phase of plasma glucose and insulin dynamic uses the delay parameters given in Table 2 . This transition phase is illustrated in Figure 2 while phase portrait those two physiological parameters for Type 2 diabetes are shown in the Figure  5 . We note that during walking, a small perturbation of Hopf's delay parameters allows the subject to pass from stable state (Figures 2(a) and (d) ) to unstable state (Figures 2(c) and (f) ). In this situation of instability, it appears that the state of subject worsens from the 10th minute of a state close to the equilibrium. In the case of stability, the state of the subject remains stationary around the equilibrium but a small perturbation causes oscillations which correspond to Hopf bifurcations (Figures 2(b) and (e) ). The small perturbation of Hopf bifurcation's delay parameters can be used to tumble to an unstable state. The stability and instability behaviors of transition phase of plasma glucose and insulin dynamic are also shown by the phase portrait where we have a stable spiral (Figure 5(a) ) and unstable spiral (Figure 5(c)) .
The results of numerical simulation by taking delay parameters given in the Tables 3 and 4 respectively show the variation of transition phase of plasma glucose and insulin dynamic in jogging case (Figures 3 and 6 ) and running fast case (Figures 4 and 7) . From these figures we note similarity in behavior to walking case (Figures 2 and 5) .
Conclusion Remarks
In this work, we have investigated Hopf bifurcation for a mathematical model that describes plasma glucose and the plasma insulin responses to cardiovascular and respiratory controls (heart rate and alveolar ventilation). An algorithm is used to find delay parameters of stability, instability and Hopf bifurcation for a 30 years old woman during three different physical activities which are walking, jogging, and running. The results show that Hopf bifurcations are the intermediate oscillation solutions from stability to instability regions.
